We study the graded geometric point of view of curvature and torsion of Q-manifolds (differential graded manifolds). In particular, we get a natural graded geometric definition of Courant algebroid curvature and torsion, which correctly restrict to Dirac structures. Depending on an auxiliary affine connection K, we introduce the K-curvature and K-torsion of a Courant algebroid connection. These are conventional tensors on the body. Finally, we compute their Ricci and scalar curvature.
Introduction
Introduced as a common generalization of pre-symplectic and Poisson structures [1] , Courant algebroids are by now a well-studied structure in mathematics and physics. Hitchin and Gualtieri's generalized geometry is based on the use of Courant algebroids as a generalization of the tangent bundle. Several basic tools of differential geometry are naturally adapted to this perspective, namely the notion of generalized metrics and connections are well established. On the other hand, the definitions of curvature and torsion are less straightforward. Indeed the naive generalization obtained by mimicking the standard differential geometric definitions fails to produce objects with the expected tensorial properties, due to the failure of the Jacobi identity for the Courant bracket.
A proposal for torsion in Courant algebroids was given by Gualtieri [2] and there are several ways to define a Riemann tensor, e.g. by adding additional terms to the naive definition enforcing tensor properties [3, 4] or restricting to appropriate subbundles of the generalized tangent bundle [5] . The geometric interpretation of the Riemann tensor however remains unsatisfactory compared to the ordinary Riemannian curvature. Independently, these ideas turned out to allow for a duality-invariant formulation of the bosonic sector of type II supergravity [6, 7] and play a decisive role in understanding contemporary models of duality invariant field theories arising from string theory [8, 9, 10 ].
An alternative view on Courant algebroids was established by Roytenberg [11] andŠevera [12] in the language of graded symplectic geometry: Courant algebroids correspond to degree-2 symplectic differential graded manifolds.
Later, bundles of the form T M ⊕ ∧ p T * M together with the so called Vinogradov bracket were shown to correspond to symplectic differential graded manifolds of the form T * [p + 1]T [1] M (see [13] and [14] ). Finally, it was realized in [15, 16] that algebraic structures in string inspired, duality invariant field theories can be understood using symplectic differential graded manifolds of the form T * [p]T [1] M.
The language of graded geometry is extremely concise and allows to encode rich geometrical structures in terms of few basic notions so that certain constructions, that in the language of ordinary differential geometry are quite intricate, become canonical and conceptually very simple. The definition of connection on a graded vector bundle is a striking example of this feature and the purpose of this paper is to work out the graded geometrical point of view to connection, curvature and torsion for Courant algebroids. We will show that the definitions of curvature and torsion are non ambiguous once they are formulated in this language; we will propose also a way to translate them in the language of ordinary differential geometry. We believe that this point of view clarifies that the difficulties encountered in the literature contain essential features of this geometry that should be properly taken into account, whatever approach one is following.
We introduce first in Section 2 the notion of connection and curvature for differential graded manifolds (Q-manifolds in short). Given (M, Q) a Q-manifold and E → M a graded vector bundle; a connection on E is a fibre preserving vector field Q E on E * projecting over Q. Its curvature is simply Q 2 E . When M is non negatively graded (NQ-manifold) we propose a natural definition of torsion. The smooth case corresponds to the case where M = T [1]M, with M a smooth manifold and Q = d dR the de Rham differential on forms. In Section 3 we illustrate how these definitions coincide with the standard ones in the case of Lie algebroids. In Section 4 we collect the basic needed facts about Courant algebroids. In Section 5, after reviewing the graded geometrical description of Courant algebroids, we work out the computations of curvature and torsion. By constructions both have good restriction properties when we consider a Dirac structure. The objects that we obtain are global sections of some sheaf but they are not in a natural way sections of some vector bundle over M. By choosing an arbitrary affine connection K on M, we can define the K-curvature and the K-torsion that are sections of vector bundles. This allows the comparison with other proposals made in a more standard language (see Section 6); it is important to remark that they in general do not contain the full information encoded in the true curvature and torsion. The last two sections are devoted to the study of these tensors. In particular, in Section 7 we discuss the Ricci tensor and the scalar curvature.
Notations and Conventions
In the paper we extensively use the notions of graded geometry; we follow the approach of [11] , see also the lectures [17] . Here we just fix the notations that we are using. By graded manifold M we mean a Z-graded sheaf of commutative algebras over the smooth manifold M which is locally isomorphic to M(U) ≡ C ∞ (U) ⊗ SV , where U ⊂ M is an open, V is a graded vector space and SV is the symmetric algebra of V . This local algebra is freely generated and we call the set of coordinates on U and generators of M(U) the coordinates over U. The assignement of the generators to an open cover of M is an atlas. A global function on M is a global section of the sheaf and we denote with C(M) = ⊕ k C k (M) the graded commutative algebra of global functions; a (global) vector field is a derivation of C(M) and we denote with Vect(M) = ⊕ k Vect k (M) the graded Lie algebra of such derivations. For a vector bundle E over M we mean a graded manifold E equipped with an atlas of coordinates {y A , s α } such that {y A } are coordinates for M and s α transform linearly; we call these latter fibre coordinates. The dual vector bundle E * is defined by the atlas {y A , s α } where s α transforms with the inverse transposed transition functions. The space of sections of E is defined as Γ(E) ≡ C(E * ) lin ⊂ C(E * ), i.e. the space of global functions on E * which are linear in the fibre variables.
Curvature and Torsion for NQ-manifolds
In differential geometry there are several equivalent ways to define connections and torsion; among them there is one option mostly suitable to be generalized to the world of graded geometry.
Let M be a smooth manifold and E → M be a vector bundle; a connection ∇ is a degree 1 derivation of the differential graded module Ω(M; E) ≡ Γ(ΛT * M ⊗ E) over the differential graded algebra (dGA) (Ω(M), ∧, d), i.e. ∇ satisfies
When E = T M, then we can pick up the identity morphism id : T M → T M and look at it as a section τ ∈ Γ(T * M ⊗ T M) ⊂ Ω(M; T M) (in local coordinates τ = dx µ ⊗ ∂ µ ). We define the torsion of ∇ as
The way graded geometry rephrases the above construction is to consider the NQ-manifold (M, d) = (T [1]M, d) whose dGA of global functions is (C(M), d) = (Ω(M), ∧, d). Let p : T [1]M → M be the bundle projection and let us consider the vector bundle E ≡ p * E → T [1]M, and its space of sections Γ(E) ≡ C(E * ) lin ⊂ C(E * ). By introducing a local trivialization of E we can realize the identification 
preserving C(E * ) lin and vertical, i.e. projecting to the null vector field on M. This is the way we express in graded geometry the tensorial property of the curvature, indeed the Leibniz rule R ∇ (ωσ) = R ∇ (ω)σ + ωR ∇ (σ) with verticality R ∇ (ω) = 0, imply R ∇ (ωσ) = ωR ∇ (σ) for each ω ∈ Ω(M) and σ ∈ Ω(M; E). It is clear that the above definitions of connection and curvature apply to any graded vector bundle E → M; moreover a connection on p * E defines also a connection on the shifted bundle p * E[k] for any k ∈ Z.
In 
The shifting of degree is here inessential and simply assigns degree 0 to τ M but it is the natural choice when we consider the general case. 
Let now E = p * T [1]M; in this case we denote the fibre coordinates of degree 1 as s µ , so that the fibre coordinates on E * are s µ of degree −1. The tautological section is the degree zero section
that is indeed the image of τ = dx ρ ⊗ ∂ ρ ∈ Ω(M; T E) under the identification (2) . The torsion reads
We are now ready to discuss the general case. Let M be a Q manifold, i.e. a graded manifold with a degree 1 cohomological vector field Q ∈ Vect(M) 1 satisfying Q 2 = 1/2[Q, Q] = 0. Let E → M be a vector bundle; we denote with C(E * ) lin ⊂ C(E * ) the subspace of global functions on the dual vector bundle E * that are linear in the fibre variables and we call it the space Γ(E) of sections of E.
is not a superconnection for the underlying supermanifold M ( [19] ). Indeed, a superconnection is a rather straightforward adaptation of the smooth case and takes value in (Ω(M), d) rather than in (C(M), Q): it is a recipe to perform derivatives of sections in the directions of vector fields on M. For a Q-connection, the notion of covariant derivative in the direction of a vector field of M is not a canonical operation since there is not in general a canonical lift of a vector field of M to a vector field of E * . Of course, given a superconnection D on the bundle E we can always define a Q-connection as Q E = D Q For simplicity, in the rest of the paper we will drop the suffix Q and just refer to Q E in (2.1) as a connection on E.
As a consequence of Definition 2.1, R Q E is a vertical vector field, or equivalently, it is C(M)-linear.
If the curvature of the Q connection is zero, then in the literature (E, Q E ) is known as a Q-bundle or a dg-vector bundle, which is a bundle in the category of Q-manifolds (see [18, 20, 21] ).
Let us now consider a sub-bundle V ⊂ E over M, i.e. a graded embedding I : V → E respecting the linear structure; the dual map I * : E * → V * is a projection between the dual vector bundles. Definition 2.4. We say that a connection Q E on E restricts to a connection Q E | Γ(V) on V if the degree 1 vector field Q E ∈ Vect(E * ) 1 is projectable along I * : E * → V * to a vector field on V * . Remark 2.5. It is useful to check that the above restriction property is the obvious one when applied to the case of a Q-connection for bundles over T 
where the second equality is true for someΓ a µb since ∇ is projectable along I * . It is easy now to realize that this condition states that ∇ restricts to the connection on F defined by the coefficientsΓ a µb .
Let now assume that the Q manifold M is non negatively graded, i.e. all coordinates have non negative degree. We say that M is a NQ manifold. We denote with M ⊂ M the body of M. Let n be the degree of M, i.e. the maximal degree that coordinates of M can assume. It is a standard fact (see [24] ) that there exists the following nested fibration of graded manifolds
where p j : M j → M j−1 is defined by forgetting all coordinates of degree j (injecting the sheaf of M j−1 in that of M j ). In particular, p 1 : M 1 → M is a vector bundle. If we denote by p : M → M the composition of all the above maps we can consider the vector bundle p * M 1 → M, and the dual one
where τ M is the tautological section defined in (6) . 
Lie Algebroid connections
We compare here the usual notion of algebroid connections, curvature and torsion with the graded geometrical description given in the previous Section.
Let A be a Lie algebroid on M with anchor ρ : A → T M and Lie bracket on Γ(A) denoted as [ , ] . We introduce local coordinates {x µ } on M and a local trivialization {e α } on A, so that
Let E → M be a vector bundle. A Lie algebroid connection on E is a linear map
for every f ∈ Γ(Λ • A * ) and σ ∈ Γ(Λ • A * ⊗ E), where d A is the algebroid differential. For every section a ∈ Γ(A) and σ ∈ Γ(Λ • A * ⊗ E), using the contraction or inner derivativeι a :
The curvature of the connection is defined as F ∇ = ∇ 2 . Since, as a consequence of (7), ∇ 2 is Γ(ΛA * )-linear, then F ∇ is seen as a section of Λ 2 A * ⊗ EndE. If F ∇ = 0 then (E, ∇) is said to be a representation of the algebroid A.
Use of the identity ι a ∇ b − ∇ b ι a = ι [a,b] (or a standard calculation using local trivializations) shows that
where [ , ] denotes the Lie algebra bracket on Γ(A). Finally let ∇ be a connection
A standard calculation here too shows that, for a, a ′ ∈ Γ(A),
Using a local frame {e α } of A and its dual {e α } of A * , the tautological section reads τ A = e α ⊗ e α and the torsion reads
where the connection coefficients are defined as
with η ∈ Γ(A). Let us switch now to the NQ-manifold description. Let (A [1] , d A ) be the NQ-manifold encoding the Lie algebroid structure. Indeed, the global functions C(A[1]) = Γ(ΛA * ) are a dGA with the algebroid differential d A seen as a degree 1 vector field that squares to 0. If {x µ , ξ α } are the local coordinates of degree (0, 1) for A[1] the differential reads
Let E → A[1] be a vector bundle over A [1] . Let Q E be a connection on E according to Definition 2.1 and let F ( [25] where it is called a module over the Lie algebroid). If {s i } are the fibre coordinates for E * then We finally describe the graded geometric construction of the torsion (9). Since
Let Q E be a connection on E; the computation of the torsion according to Definition 2.6 is exactly the one that leads to (10).
Connections on Courant algebroids
We discuss in this section the case of the exact Courant algebroid and its graded geometric interpretation. We refer to [11] for a general introduction. We recall that the Dorfman bracket is defined on sections of the vector bundle TM = (T ⊕ T * )M as
where H is a closed three-form. A Dirac structure is a maximally isotropic subbundle L ⊂ TM that is involutive with respect to the Courant bracket; isotropy of L implies that the inherited bracket is skew-symmetric so that it is a Lie algebroid. We denote with ρ T * : L → T * M the composition of the embedding of L into TM with the projection to T * M; thanks to isotropy of L, π L = ρ * T * • ρ : L → L * is antisymmetric, i.e. π L ∈ Γ(Λ 2 L * ). Since L is involutive then d L (π L ) = 0.
Let E → M be a vector bundle. According to [2] a generalized connection is a first order linear differential operator D :
for f ∈ C ∞ (M) and σ ∈ Γ(E). We denote D a = ι a D for a ∈ Γ(TM). It is easy to check that D = ∇ + V where ∇ is an ordinary connection on E and V ∈ Γ(T M ⊗ EndE). The curvature operator R D is defined as 
We will not assume this condition so far but it will be needed in section 7. Let us choose E = TM and let D be a generalized connection on TM.
where a, b, c ∈ Γ(TM) . Even when D preserves a Dirac structure L, i.e. D a b ∈ Γ(L) for a, b ∈ Γ(L), T D does not restrict in general to the Lie algebroid torsion for L defined in (9) . Compared with the notion of curvature operator (15) , that is tensorial only when restricted to a Dirac structure, the torsion (17) is tensorial on the whole Courant algebroid. Finally, a generalized Riemannian metric on M is an orthogonal, self-adjoint bundle map h ∈ End(TM) with the property that h(a), a , a ∈ Γ(TM) is positive definite [23] . This means that h 2 = id and thus it gives rise to ±1 eigenbundles of TM. It is well-known ( [23] ) that the positive eigenbundle can be expressed as the graph of the sum of a metric g and a two-form B on M; it is customary to represent it via the symmetric bilinear form G(a, b) := h(a), b on TM given by the symmetric matrix
We will use this explicit form of a generalized Riemannian metric in section 7 to define and compute the generalized Ricci curvature.
Graded geometry of Courant Algebroids
From [11] we know that the structure of a Courant algebroid can be encoded in the data of a 2-symplectic NQ manifold. In the case of an exact Courant algebroid, the construction goes as follows. Let us consider the NQ manifold
are the local coordinates of degree (0, 1, 1, 2), respectively, then d M is the degree 1 cohomological vector field defined as
Moreover M is canonically 2-symplectic, with symplectic form given by ω = dx µ dp µ +dψ µ db µ so that d M is hamiltonian with hamiltonian Θ ∈ C 3 (M) defined by 
Let E → M be a graded vector bundle over M and let us consider a connection Q E on E as in Definition 2.1. Let {s α } be the local fibre coordinates of E * ; we then have that
The curvature R Q E of the connection Q E is, as in Definition 2.3, the vertical vector field
]. An explicit computation shows that
We now discuss the special case E = p * E[k], for k ∈ Z, where p : M → M is defined by p(x µ , ψ µ , b µ , p µ ) = x µ and E → M is a vector bundle on M. In this case the fibre coordinates s α have degree k and |Υ α β | = 1 so that we can expand
By looking at the transformation properties of {Υ α β } in (19) , one checks that Γ µ α β are the connection coefficients of a connection ∇ Γ on E and V µα β the components of a tensor V ∈ Γ(T M ⊗ EndE). In particular this is the same data defining a generalized connection D = ∇ Γ + V as in (14) .
After a straightforward computation the curvature reads
Therefore we finally obtain the following formula for the curvature
where R ∇ is the curvature of the connection ∇ Γ and
The term R Q E is not a section of a vector bundle on M due to the transformation properties of the coordinates p µ . We remark that p * E is a Q-bundle if and only if V = 0 and ∇ is a flat connection.
We now discuss the torsion. The degree of T * [2]T [1]M is 2 and the fibration of graded manifolds described in (5) in this case reads
Let us consider then a connection Q E on E ≡ p * M 1 ; it encodes a generalized connection D = ∇ + V where ∇ is a connection on TM and V ∈ Γ(T * M ⊗ End(TM)). Let us introduce the fibrewise coordinates {s µ , s µ } of degree −1 of E * ; the tautological section is then
As in Definition 2.6, the torsion of Q E is then given by 
A straightforward computation, see appendix A for details on the conventions and the result in components, shows that
and
In order to analyze this latter expression we decompose the connection ∇ on TM, entering D = ∇ Γ + V as follows 
where T ∇ T T is the torsion of the connection on T M, while T ∇ T * T ∈ Γ(Λ 2 T * M ⊗ T * M) is defined by
K-curvature and K-torsion
The curvature and torsion that we computed above in (23) and (25) are global objects but are not sections of some vector bundle over M. Namely, M is not a graded vector bundle over M and so the global functions C(M) are not sections of any vector bundle in a canonical way. This is a direct consequence of the nature of the geometry encoded in the Courant algebroid. Nevertheless, M can be made a graded vector bundle over M in a non canonical way by introducing an auxiliary affine connection ∇ K on M that provides the following splitting
By using this identification we will be able to express all geometrical objects in a more friendly form at the cost of introducing an auxiliary object. We are going to discuss here this point of view since it will be useful for later comparison with the other approaches in literature. The splitting (31) can be seen as the following change of variables in M: let K ν ρ µ denote the connection coefficients of ∇ K , we then definẽ
It is easy to see thatp µ transforms as a tensor on M,p ′ = J −1 Tp ; (indeed K ′ = JKJ −1 − JdJ −1 , with matrix K = (K ρ σ ), with K ρ σ = K ν ρ σ ψ ν ). We can now express curvature and torsion in the new variables (x µ , ψ µ , b µ ,p µ ).
The term R (1, 1) Q E in (23) can now be read as the sum of two tensors, namely
The first addend of (33) is ∇ ΓK (V ) ∈ Γ(T * M ⊗ T M ⊗ End(E)), the covariant derivative of V with respect to the connection ∇ ΓK on the tensor product bundle T M ⊗ End(E). We define the K-curvature tensor of the generalized connection D = ∇ Γ + V on E the following tensor
so that
We can analogously proceed with the torsion computed in (25) . The non tensorial term in (25) is T (1, 1) Q E , that, after the change of variables, can be written as
where X ∈ Γ(T M) and ν ∈ Γ(T * M). We finally define the K-torsion tensor of the generalized connection D = ∇ Γ + V on TM as
Remark 5.1. The K-curvature and torsion above can be introduced in the following equivalent way, by using contraction operators. We recall that the contraction operator ι v along v ∈ Γ(T M) acting on forms is seen as a vector field ι v ∈ V ect(T [1]M); given any vector bundle E, ι v lifts canonically to a vector field on p * E * , preserving Γ(E × ΛT * M) seen as the linear functions C(p * E * ) lin .
In the case of a graded vector bundle E over M, we first observe that every vector field v ∈ V ect(M) that has zero component in the direction ∂/∂x µ can be lifted to E. We will be interested in vector fields defined from sections of the generalized tangent bundle TM. Indeed for every a = a µ ∂ µ + a µ dx µ ∈ Γ(TM) we can define the K dependent contraction vector field ι K a ∈ V ect(M) as
The correction depending on the connection coefficients K ρ µ ν is needed in order to define a global vector field of M, again as a consequence of the transformation properties (32) of p µ . It is now easy to see that for every a, b ∈ Γ(TM) we have
It is clear that the rationale of the above formula is that R Q E is a vector field.
Dirac structures
Let L ⊂ TM be a Dirac structure. In the graded language, this is equivalently described as a d M -invariant lagrangian submanifold L L ⊂ M. See the Appendix B for an explicit description. By construction Q E restricts to a vector field of E * | L L and gives rise to a connection on E| L L over the NQ-manifold (L [1] , d L ) associated to the Lie algebroid L. Its curvature is the restricted curvature of Q E . Let us discuss now torsion. We have that p * L[1] is a subbundle of p * T[1]M| L L and it is not difficult to realize that τ M | L L coincides with τ L [1] under this identification. Let us suppose now that Q E restricts to a connection Q L [1] on p * L[1] as in Definition 2.4; as a consequence,
On the other hand, the K-curvature and K-torsion do not automatically restrict to the curvature and torsion of Q L [1] due to the terms proportional to the coordinate p µ measuring the difference with the full curvature and torsion in (35) and (38). We are going to discuss the compatibility conditions between K and L that make these terms vanish so that the K-tensors coincide with the full curvature and torsion. Using (57), we get
The compatibility is then controlled by the tensor φ KL ∈ Γ(Λ 2 L * ⊗ T * M) above; in the next section we will give an intrinsic definition of φ KL . Then it is clear that the restriction to L of the K-curvature of the generalized connection D = ∇ + V is the full curvature if and only if V µp µ | L L = 0, which means V, φ KL = V µ φ KL µ = 0. In the case of an L-preserving generalized connection on TM, the K-torsion restricts to the algebroid torsion if and only if φ KL = 0.
Remark 5.2. It is interesting to notice that the tensor φ L K controls the conditions that allow the contraction vector field ι K a defined in (39) to restrict to a vector field on L L for each a ∈ Γ(L). Due to maximality of L L , it is sufficient to impose the following
where φ * denotes the push forward by the embedding map φ : L L ֒→ M as in Appendix B. The first condition in (41) reads
and is implied by isotropy of L. Using this in the second condition of (41), we arrive at
Finally we discuss two examples of Dirac structures, the tangent bundle and the graph of a Poisson tensor:
. It is then clear that φ L K = 0 for every K. Example 5.4. Let L = graphπ, where π is a Poisson tensor on M; L L is defined by ψ µ = π µν b ν and p µ = − 1 2 ∂ µ π νσ b ν b σ and is isomorphic to (T * [1]M, d π ). Here d π is the Poisson-Liechnerowicz differential. Indeed, equation (57) of Appendix B in this case reads φ µ νρ = −∂ µ π νρ . Finally the vanishing of φ KL gives ∇ K π = 0, i.e. the Poisson tensor is preserved by the connection ∇ K .
Comparison with naive torsion and curvature
In the previous section we introduced the K-curvature in (34) and the K-torsion in (37) of a generalized connection D of the exact Courant algebroid. From that derivation it must be clear that the role of the auxiliary connection ∇ K entering the definitions of the tensors is completely arbitrary. Moreover, the K-curvature (or torsion) is not the full curvature (or torsion) but the missing terms can be ignored only for certain purposes and under strict conditions, as the discussion of Dirac structures in the previous section shows. Nevertheless, these K-tensors are useful objects and can be used for comparison with other structures that have been studied in the literature. This is what we are going to discuss in this section. We recall that for Lie algebroids, e.g. Dirac structures in Courant algebroids, torsion and curvature are well defined objects and have the same definition as in standard Riemannian geometry. However, for Courant algebroids these definitions do not give tensors any more due to the properties of the Courant bracket. We call them naive to emphasize this, i.e. the naive curvature is the curvature operator R D defined in (15) and we define the naive torsion operator by
In the case of torsion, the tensor T D defined in (17) is widely used in the literature.
The following proposition compares the naive curvature (15) with the tensorial K-curvature R K defined in (34). We recall that K is an affine connection entering the definition of R K and E a vector bundle over M.
whereK
The proof is a long but straightforward calculation done by expanding R D (a, b) and comparison with (34). We remark that in case D is an ordinary connection, i.e. for vanishing V , R K equals the standard D-curvature. In general R D is not a tensor and VK (a,b) has the right transformation properties that combine with those of R D in order to ensure the tensoriality of R K . We now turn to the torsion. 
where T D is the operator defined in (42) andK in (44).
Furthermore we observe that theK defined in (44) measures the deviation of the K-curvature and torsion from the naive definition. In particular, given a Dirac structure L that is preserved by D, since both the restricted curvature and the torsion coincide with the corresponding algebroid curvature and torsion, the K-curvature and K-torsion coincide with the naive ones if and only if the obstructions discussed in subsection 5.2 vanish. Indeed, one directly checks that K(a, b)| L , written in components along the basis e A = ρ µ A ∂ µ + ρ Aµ dx µ leads tõ
which is precisely (40). We then have that, the tensor φ L K ∈ Γ(Λ 2 L * ⊗ T * M) whose local expression is given in (40) reads for each a, b ∈ Γ(L)
7 Ricci tensor and scalar curvature
In order to extract the tensorial objects out of the curvature R Q E and torsion T Q E of a connection Q E we introduced anarbitrary affine connection K. To control this arbitrariness, there are two possible meanigful approaches: considering Kinvariant geometrical quantities or identifying conditions that lead to a canonical choice of K. We have seen for instance the conditions on K under which Kcurvature and K-torsion properly restrict to Dirac structures.
In this section we study the dependence of Ricci tensor and scalar curvature on the choice of the auxiliary connection K. This also allows a useful comparison with the physics literature. We will compute the Ricci curvature as the appropriate trace of the K-curvature and the scalar curvature as contraction of the Ricci tensor with a generalized metric. For alternative approaches to Ricci and scalar curvature we refer to [5, 27] Let us recall the standard definition of Ricci tensor first. For a Riemannian manifold (M, g) with metric g ∈ Γ(S 2 T * M) and a trivialization given by local sections e µ ∈ Γ(T M) with dual e µ , the components of the Ricci tensor Ric = Ric µν e µ ⊗ e ν and scalar curvature Scal ∈ C ∞ (M) are given by Ric µν = e σ , R(e σ , e µ )(e ν ) , Scal = g µν Ric µν ,
where R(e µ , e ν ) denotes the standard Riemann curvature and ·, · is the evaluation of forms on vectors. We repeat this construction for the K-curvature R K D of a generalized connection D = ∇ + V on TM. Denote by E α the local basis (e µ , e µ ) of sections of TM, and let E α denote the dual basis with respect to the canonical pairing ·, · in TM. We define Ric K ∈ Γ(TM ⊗ TM) as
. Finally, contracting with a generalized metric G ∈ Γ(S 2 (TM)) of the form (18) gives the scalar curvature Scal K = G αβ Ric K αβ . Observing that E α is identified by (e µ , e µ ), i.e. the index α has contributions ν and ν , the result consists of four parts
where G has the index structures corresponding to the block matrix form (18) . For convenience of the reader we write here the local coordinate expression of the K-curvature that can be obtained from (22), (33) together with (35)
In order to compare the resulting expression for the scalar curvature with the literature, we have to make assumptions on the connection components V µα β and Γ µ α β . We use the notation introduced in Appendix A. We impose that the K-torsion of D vanishes. This fixes the connection K in the following way:
We further impose the connection D to be compatible with the canonical pairing according to (16) . As a consequence, ∇ T T is a torsion-free connection on T M whose dual (∇ T T ) * is identified with ∇ T * T * . The connection component ∇ T * T is seen to be an element of Γ(T * M ⊗ ∧ 2 T * M), whose totally antisymmetric part is identified with the three form H. We call γ the remaining undetermined tensor, i.e. γ has components Γ µνρ , symmetric in (µ, ρ) and antisymmetric in (ν, ρ). Furthermore, V T T * is shown to be in Γ(T M ⊗ ∧ 2 T M) and symmetric in the first and third entry. It is easy to see that all other connection components vanish with the only exception of V T * T ∈ Γ(T M ⊗ ∧ 2 T * M). Hence, the connection D takes the simple form:
With (50), the scalar curvature takes the form
We denoted by Scal(g, ∇ T T ) the combination
and we notice G µν = g µν from (18) . The expression (51) can be used as a starting point to compare with the literature e.g. in string theory. We remark that to further constrain V , metricity of the connection might play a role. This needs a full understanding of the notion of generalized metric in graded geometry which we leave for a future publication. and
It is clear that the first term appearing in T (Γ) is the usual torsion of the affine connection ∇ T T . As in the discussion of the (1, 1) component of the curvature, we can introduce an affine connection on TM in order to get a covariantp so that T (1,1) (Γ, V ) −p µ s µ ∈ Γ(T * M ⊗ T M ⊗ TM). This gives the K-dependent form of the (1, 1) component of the torsion, as described and used in (36) of the main text.
B Lagrangian submanifolds of T * [2]T [1]M
It is known that lagrangian submanifolds of T * [2]T [1] M invariant under the homological vector field correspond to Dirac structures of the Courant algebroid associated to it (e.g. section 4 of [26] ). In this appendix we work out explicitely the details of the characterization of Dirac structures in this language which is particularly useful for the main text. Let L ⊂ TM be a Dirac structure; we are going to describe the corresponding d M -invariant lagrangian submanifold
As a Lie algebroid, L is described by the NQ-manifold L[1] of degree 1. Locally, let us choose for the latter coodinates (y µ , λ A ) of degrees (0, 1) and for the Courant algebroid (x µ , ψ µ , b µ , p µ ) as in the main text. Finally let us denote by ω = dx µ dp µ + dψ µ db µ the canonical symplectic structure of T * [2]T [1]M. We describe the embedding φ by the following formulas:
where ρ µ A and ρ µA denote the components of the maps ρ T * and ρ introduced in section 4 and φ µAB to be determined. For a basis of vector fields, using (54) this means
L L being lagrangian means φ * ω = 0, which gives the following two conditions:
The first condition fixes φ µAB in the transformations (54) and the second one is satisfied thanks to the fact that L is lagrangian.
It is now a direct computation the check that d M restricts to L L , i.e. φ * (d L[1] ) = d M is equivalent to involutivity of L.
